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Abstract

Nuclear shape, single particle states and ground states properties
such as binding energy, two neutron separation energy (Sn2), and proton
and neutron radii in the Cd isotopic chain are studied within the
framework of relativistic mean field theory using nonlinear meson
nucleon coupling model. A systematic investigation of the ground state
shape is also performed for Cd isotopes (Z=48, 47< N < 116). The
shape of the ground state for Cd isotopes varies between three
categories: spherical, axial (prolate, oblate) and triaxial. Our results
suggest that the neutron deficient side of the chain exhibts an oblate-
prolate transition, after that the shape fluctuations are between axial

(oblate or prolate) and triaxial.

Single particle states are shown for nuclei, which have a jump in
value of quadrupole deformation f,, and neighboring nuclei. Single
particle states are in a good agreement with Nilsson Diagram for axial

nuclei.



Vi

The physical properties: Binding energy, two neutron energy,
neutron, proton, and charge radii are studied as a function of mass
number. In general, a smooth change in these properties is found,
except near A = 98, 130, 136, one can see a sharp change, which reflect
the sudden change in the ground state deformation in the neighboring
nuclei. Our calculations shows a reasonable agreement with

experimental data.
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CHAPTER ONE
Introduction

The World Nobel Prize was awarded for A. Bohr, B. Mottelson
and L. Rainwater in 1975 because they discovered that the nucleus
could have a non-spherical shape [1]. They provided invaluable tool to
study this innovative concept (Nuclear Deformations) in their
monograph Nuclear Structure Vol. Il [2]. This phenomenon has been a
focus of interest for many decades. One of the nuclei that has received
a great interest in the scientific community to study its nuclear structure
is Cd isotopes (Z=48). This is because they exhibit collective
excitations and are located adjacent to the closed shell at (Z = 50) for

the doubly magic Sn isotopes [3, 4].

Different techniques and nuclear models are used to study
experimentally and theoretically the nuclear structure such as complete
spectroscopy and coulomb excitation, interacting bosons model (IBM),
relativistic and non-relativistic models using Hartree-Fock-Bogolibov

(HFB) and self-consistent Hartree-Fock (HF) models[5,7,12,14].



The Coulomb excitation is a process of inelastic scattering in
which a charged particle transmits energy to the nucleus through
electromagnetic field [5] and it is directly related to the nuclear shape
through  measuring electromagnetic moments [6]. If the
electromagnetic moments has a positive value, then the shape is a

prolate, and when it has a negative value, then the shape is an oblate.

The other model is interacting boson model (IBM) [7]. It has
been extended to cover most nuclear structure; it can be used to predict
vibrational and rotational modes of non spherical nuclei [8]. In this
model, nucleons pair up and behave like a single particle with boson
properties. These boson are called s-boson or d-boson crossponding to
the nucleon pairs are presented with angular momenta L= zero or 2,

respectively[9].

In addition, mean field approximation are extensively applied in
nuclear structure and it has been successfully used to study the ground-
state properties of nuclei all over the nuclear chart. Mean field

approximation depend on effective interaction, a zero range skyrme



force, finite range Gongy force[10,11] and also it depends on non-
relativistic and relativistic realization self-consistent Hartree-Fock (HF)

and Hartree-Fock-Bogolibov (HFB)models.

In the Hartree-Fock approach, the starting point is a Hamiltonian
containing kinetic and potential terms. The wave function of the system
can be written as a Slater determinant of one particle spin orbitals. The
components of this Slater determinant (individual wave functions of the
nucleons) are then determined. To this end, it is assumed that the total
wave function (the Slater determinant) is such that the energy is

minimum [12-14].

In relativistic Hartree-Fock-Bogolibov (RHFB), nucleons
interact by exchange of virtual particles such as mesons. The problem
is solved by firstly building the Lagrangian containing these interaction
terms, then preparation a set of equations of motion for which the
nucleons obey the Dirac equation, while the mesons obey the Klein-
Gordon equation [14,16]. Finally, these equations are solved by

expanding the different components of the quasi-particle spinors in the



complete set of Eigen solutions of the Dirac equations with Woods-

Saxon potentials [15].

All these previous techniques and models were successfully
applied to the study of shape evolution. Hossain et al. studied the
nuclear structure of the ground state energy bands up to 8" in even-even
Cd isotopes (Z=48 and N=56-74) using interacting boson model-
1(IBM-1) and acceptable results were obtained as compared with
recent experimental data [17]. In addition, Garrett wrote a review paper
on the evolving structure of Cd isotopes. Early in the 1950s, even-even
Cd isotopes were considered as a main example of vibrational behavior.
Later in 1970’s, shape coexistence and intruder states were noticed and
recently many models were used to study this new behavior. However,
by combining results from these studies, he suggested that the structure
of Cd isotopes have deformed y-soft rotors rather than spherical

vibration [18].

Michael Hammen studied nuclear ground state properties of the

isotopic chain of 1°0°130Cd. His work was based on nuclear shell model,



which is more accurate at the region nearby closed shell. Cd isotopes
has 48 proton, which is two proton less than the shell closure that occurs
at Z= 50 for Sn isotopes, and their isotopes from N = 52 up to N = 82
which cover complete region between the neutron shell closures N = 50
and N = 82, so nuclear shell model is acceptable here. He used
experimental technique called collinear laser spectroscopy. Many
properties like the magnetic dipole moments, the electric quadrupole
moments, spins and changes in mean square charge radii are recorded
from data and analysis. In addition other features are revealed from data
obtained such as an extremely linear behavior of the quadrupole
moments of the I = 11/2— isomeric states and a parabolic development
in differences in mean square nuclear charge radii between ground and
isomeric state. The development of charge radii between the shell
closures is smooth, exposes a regular odd-even staggering and can be

described and interpreted in the model of Zamick and Thalmi [19].

In 2014, Bespalova et al. calculated neutron energies E; of Cd
isotopes from N=50 to 82 and N=126 using dispersive optical potential

taking into account the coupling of single particle motion with more



complicated configuration of the nucleus and the extracted features are
in good agreement with experimental results. In addition, they
calculated from these energies the occupation probabilities for neutron
subshell using formula in the Bardeen—Cooper—Schrieffer (BCS)
theory. As well, the results from calculations of “Cd isotope agree
with the premise that this nucleus exhibits magic properties and is stable

against decay with the emission of neutron [20].

In 2015, Blazhev et al. performed large-scale shell model
(LSSM) calculations for the light even-even **7'%Cd isotopes in the
proton (2p12, 1ger) and the neutron (2dsz, 1972, 2dsp, 3S12, 1hi1)
model space. By comparing with experimental data, the lowest 2+ and
4+ states energies are the same, while the higher spin states show
deviations in energy. In addition, the increasing collectivity in the light
Cd isotopes when moving away from the N = 50 closed shell, appeared

from calculations of R (4/2) ratio [21].

In 2018, K. C. Naik, et al. study the ground state properties of even-

even Cd isotopes (N=56-86) using relativistic mean field theory using



two developed parameter sets FSU Garent and IOPB-I. Various
physical quantities such as binding energy (BE), two-neutron
separation energy (Szn), root mean square (rms) radii, shell quenching
at N = 82 for different Cd isotopes are calculated and compared with

available experimental data [22].

Also, a systematic study of the ground-state properties of the entire
chains of even—even neutron magic nuclei represented by isotones of
traditional neutron magic numbers N = 8, 20, 40, 50, 82 and 126 has
been carried out using relativistic mean-field (RMF) plus Bardeen-
Cooper-Schrieffer (BCS) approach.  The investigation includes
deformation, binding energy, two-proton separation energy, single
particle energy, rms radii along with proton and neutron density
profiles, etc. Several of these results are compared with the results
calculated using nonrelativistic approach (Skyrme—Hartree—Fock
method) along with available experimental data and indeed, they are

found with excellent agreement [23].



Moreover, K. Nomura and J. Jolie based on constrained self-consistent
mean-field calculations with a choice of the Skyrme force and pairing
property, onto the Hamiltonian of the interacting boson model.
Deformation energy surfaces were calculated for the even-even 1%
116Cd isotopes. This energy surfaces yielded both a prolate and a minor
oblate minimum. The low-lying excitation spectra and electric
guadrupole and monopole transition rates for the considered Cd nuclei
are computed by the resultant Hamiltonian, and are compared in detail

with the experimental data [24].

In the present analysis, we will perform a systematic calculation to
investigate the shape evolution for Cd isotopes using the relativistic
mean field theory using NL3* force and we will discuss the binding,
separation energies for neutrons. Then we will discuss the results and

compare it with other models.



This thesis is organized as follows: CHAPTER 2 contains the
formalism of the model RMFT. CHAPTER 3 contains shape
evoluation, single particle states and physical properties for the ground

state of Cd isotopes. CHAPTER 4 presents summary and main result.
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CHAPTER TWO
Formalism

2.1 Covariant density functional theory

Density functional is computational method providing a
successful microscopic description for a large majority of nuclei. Itis
useful for determining the both properties of nuclear ground state such
as radii, binding energy, deformation parameters and excited states

such as rotational bands and collective vibrations [25-27].

Three types of models introduced to describe atomic nuclei in
relativistic density functional density: the nonlinear meson nucleon-
coupling model, the density-dependent meson nucleon-coupling model
and a density-dependent point coupling model. The main difference
between them is the treatment of the range of the interaction, the
mesons, and density dependence. The interaction in the first two classes

has a finite range, while the third class uses zero-range interaction.
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In this work, we will use the first model which is the nonlinear meson

nucleon-coupling model.

2.2 Lagrangian density for the mesons-exchange models

In the meson-exchange models, the nucleus is considered as a system
of point like nucleon, Dirac spinors, interacting via the exchange of

mesons with finite masses leading to the interactions of finite range.

We start from Lagrangian density:
L = Lnycteon T Lmesons T Lint (2.1)
Lagrangian density of the free nucleon is described by:
Lrucieon = Py (i0 — m)y (2.2)
Where m is the mass of nucleons, and v is the Dirac spinor.

Lagrangian density of mesons and electromagnetic field is given by:
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1 1, ., 1 lezl_)qw
Lmzzauaaua—zm(,a _ZQ’“’Q +§mww _ZR’“’R

(2.3)
where
Q= 0w, — 0,w, (2.4)
Ry = 0uBy — 0By (2.5)
E. = 0,4, — 8,4, (2.6)

and the lagrangian density of interaction between the nucleons and the
mesons is given by:

1—T3

Line = =9(go0 + gu¥* @ + g,Ty*py + e —=v*A)Y

2.7)
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The nucleons interact by the exchange of several mesons. These mesons
are defined by three quantum numbers; spin (J), parity (P) and isospin

(T). Mesons that participate in this interaction are:

1. The isoscalar scalar o -meson, has quantum numbers (J=0, T=0

and P =1), and the corresponding field is a scalar produce attraction.

2. The isoscalar vectorw-meson, has quantum numbers (J=1, T=0, P=-

1), and the corresponding field is a vector produce the repulsion.

3. The isovector vector p- meson, has quantum numbers (J=1, T=1,

P=-1), and it couple to the iso vector current.

Starting on a more fundamental level, one therefore introduces a
relativistic Lagrangian describing point-like nucleons interacting

through the exchange of different types of mesons.

L=9(y(id, — gow — g,pT —eA) —m— g, ) + %6060 —

1.2 2_ 1 vyl 2 2_ 153 Bpuv 222 _ 1 v
S MGo —ZQWQ” tomyw® — R, R +-m5p —ZFWF“

N |-

(2.8)
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It contains as parameters the meson masses m,,m,,, and m,and the
coupling constantsg,, g,and g,, and e is the charge of the protons and

it vanishes for neutrons.

To treat the density dependence in this model, Boguta and Bodmer[28]

introduced a density dependence via a non-linear meson coupling

replacing the term %m?,az in (eq. 2.8) by:
U(o) = %mﬁaz + §g203 + ig?,a“ (2.9)

The nonlinear meson nucleon coupling is represented by the parameter

set NL3*[29, 30].

parameter | NL3*

M 939

m, |502.5742
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g, | 10.0944
m, | 782.600
d. | 12.8065
m, | 763.000
g, | 45748

Table 2.1 NL3* parameterizations of the RMF Lagrangian

2.3 The Hamiltonian and the equation of motion

From the lagrangian density in eq. (2.8) the Hamiltonian operator is:

H = IOST(Zm Pm - at(pm - L(m)

Where P,, is momentum conjugate operator

o
- 0
o (o)

m

And <pm=(lljr 0; wlu A[U ﬁﬂ)

So the total Hamiltonian is:

H=Hy+H;+H,+H,+Hy+ Hin

(2.10)

(2.11)

(2.12)
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Where:
Hy = Y(a.p + Bm)y

H, = —%O’AO‘ + U, (0)

H, =-w,ot —U,(w)
1
Hy = A, A¥
15 -
H, =~ puAp* — Uy (p)

Hine = 775(900- + .ga)wuy“ + gpﬁﬂ}/“f +e

Ay

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

In the Haretree approximation, the stationary Dirac equation for the

nucleons is:

hot; = e,

(2.19)
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where hpis the Hamiltonian of the nucleons with mass m
hp = a(—iV — V(r)) + Vo(r) + B(m+ 5(r))
the Hamiltonian contains the attractive scalar field S(r)
S(r) = gs0(r)

and the repulsive time like component of the vector V(r)

1_T3
2

Vo(r) = gowe(r) + g,T3p:(r) + € —=Ao(7)

and the magnetic potential V(r)

1—2‘[3 A (']")

V(r) = g,o()+g,t3p(r) +e

(2.20)

(2.21)

(2.22)

(2.23)

Note that in these equations, the four-vector components of the vector

field (w*, p*, A*) are separated into the time-like (w-, p, A-) and the

space-like components [w*, w?Y, w?); p = (p*, p¥, p?); A = (AX, AY, A”

)1
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The corresponding mesons Fields and the electromagnetic field are

determined by the Klein-Gordon equations:

(=V2+m3)a(r) = —gops(r) — g20°(r) — g30°(r) (2.24)
(=V? + m&)w-(1) = go,pv (2.25)

(=V2 +md)w, (1) = Guiy (2.26)

(=V2 + m2)p-(r) = gops (2.27)
(=V2+m2)p,(r) = g,), (2.28)

~V2A.(1) = ep,(T) (2.29)

—V2A4,(r) = ep} (r) (2.30)

with source terms involving the various nucleonic densities and

currents:

ps(r) = ?’:1 1/71'(7”)1/11'(7”) (2.31)
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p3(r) = T, YF (DT Pi(r) (2:32)
Py () = Ty (i) (2.33)
pp(r) = T Y (NS () (2.34)
ju () = T Piyahi () (2.35)
Ju@) = S Bi )y Ti (1) (2.36)

In the ground-state solution for an even-even nucleus spatial
vector A(r) is neglected in the calculations, because the coupling
constant of the electromagnetic interaction is small compared with the
coupling constant of the mesons, and there are no currents (time-

reversal invariance)[31].

The components of the vector w and p mesons lead to the
interactions between possible currents. For the w meson the interaction
Is attractive for all combinations (pp, nn, pn), and for p mesons it is

attractive for pp and nn currents but repulsive for pn currents [32].
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The solution of the CDFT equations corresponds to the ground
state of the nucleus it is corresponding to a local minimum in the
potential energy surface, so to obtain the solution for any point we used
the constrained of quadrupole mass moment. The constrained
calculations were performed by imposing constraints on both axial and
triaxial mass quadrupole moments [30]. The method of quadratic

constraints uses an unrestricted variation of the function

() + ) Cop (@) — a2)?

u=0,2
(2.37)

Where (H) is the total energy and (62\#) is the expectation values of

mass quadrupole operators,
Qy0 = 222 —x% —y? (2.38)
Q2 = X% — y? (2.39)
qq,.- is the constrained value of the multipole moment.

C,, is the corresponding stiffness constant [33].
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2.4 The wavefunction

The CDFT equations are solved in the basis of an anisotropic three-
dimensional harmonic oscillator in Cartesian coordinates characterized

by the deformation parameters o and y and oscillator frequency Zwmo =

41A712 MeV, for details see Refs. [36, 37].

They are solved in the parity, signature basis. Single-particle orbitals
are labeled by [Nn,AT". [Nn,A]2 are the asymptotic quantum
numbers (Nilsson quantum numbers) of the dominant component of the
wave function at 2, = 0.0 MeV. The superscripts sign to the orbital
labels are used sometimes to indicate the sign of the signature r for that

orbital (r = %i).

The self-consistent field o, w and p, are expanded into a complete set
of eigenfunctions of the three-dimensional harmonic oscillator in

Cartesian coordinates. The fields are written as:
ag(r) =Xnoxydn(r) (2.40)

w(r) =Xy wydy(T) (2.41)
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p(r) = Xnpndn(r) (2.42)

Where
On(r) = ¢, (X)Pn, (V) Pr, (2) (2.43)
N=n,+n,+n, (2.44)

P is the parity operator and R is the signature operator.

Ry=e™™* | Rap;=ryy (2.45)

with the eigenvalues are r; = +i The simplex operator is defined as:
S, =R,P i=X,y,z (2.46)

P =5,5,S, (2.47)

The positive simplex state is written as:

Pie (1=, ()b, V)b, (2) = (s (2.48)

The negative simplex state is written as:

P (1) = bu, ()b, D), (D) = (¥ (1) (249)
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@, (x;) = (Vm2™in;! bi)_% exp (— % (ﬁ)z) Hp, (ﬁ) i=x,9z2

b; b;
(2.50)

where H,; are the Hermite polynomials.

2.5 Nuclear shape and deformation

The shape is one of the most fundamental properties of an atomic

nucleus, along with its mass and radius.

The nuclear deformation can be measured by a multipole expansion for
instantaneous coordinate R (t) of a point on the nuclear surface at (9,

@) in terms of the spherical harmonics :

R0, 9) = Ravg [1+ X2 Zﬁ:—/l a/luylu (6, 9)] (2.51)

When A=0 that gives a monopole (spherical shape), and when A=1 it
gives dipole deformation, but the most important deviation from
spherical shape is when A=2, it is called quadrupole deformation. In this

case we have five parametersa,,,, however, a,; = a,_; = 0and a,, =
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a,_», SO the five parameters reduced to two real parameters a,, and

az; [2]
Where
ayo = B cosy (2.52)
Ayy = \/—%B siny (2.53)

We can connect the quadrupole constraint (2.38, 2.39) with 8 and y

p= \E < (2.54)

y = tan‘l(%) (2.55)
20

Where Q =+0% + Q3 (2.56)

If we substitute Egs.(2.38,2.39) in Eq.(2.40), then we obtain

R(0,9) = Rapyll + /%(cosy (3cos?6 — 1) +
V3 siny sin?@ cos 2¢)] (2.57)

The increment on three axes can be calculated from eq. (2.46) as a

function of g and y :
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R, =R (g, 0) = Ravgl1 + B\/:incos(y — 2?n)] (2.58)
Ry =R(2,2) = Rayg[1 + 8 \/:incos(y +3] (2.59)
R, = R(0,0) = Rgyy[1 + B\/g cosy] (2.60)

The quadrupole deformation can have axial symmetry, which two
of three axes are equal. In that case, the nucleus have an ellipsoid shape
with elongation along one axis and perpendicular cross section is
circular. The shape is prolate when the nucleus elongated along z-axis
and oblate when elongation is on x-axis or y-axis. The other case that
the deformation can be without axial symmetry resulting in different
elongations along the three axes of the system and the cross section is

not circular, the shape is triaxial [34].

In general, when y is multiple of 60°it has axial deformation as we can

see from egs. (2.47, 2.48, 2.49), which the two axes are equal:

Ify=0" R, =R,
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Ify =60°, R, =R,
and ify =120, R, =R,

But when y is not multiple of 60°, the nucleus have triaxial shape.
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CHAPTER THREE
Structure of Cd isotopes

In this chapter we will perform unrestricted calculations for the
search of the ground state minimum for Cd isotopic chain. We will
consider both even and odd mass nuclei. Our calculations allows the
nuclear shape to be spherical, axially deformed or triaxially deformed.
For each nuclei, several physical observables will be calculated, and
compared with the results obtained from other models and available
experimental data. In addition to all of that both neutron drip line will

be identified.

3.1 shape of Cd isotopic chain

We have carried out calculations for Cd isotopes with mass number A
=95-164, which includes both even and odd mass nuclei. In our
calculations the ground state shape can be spherical, axial (oblate or
prolate) or triaxial. As mentioned in the previous chapter one, can

categories the nuclei into two categories deformed and spherical. The
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deformed nuclei can be either axial or triaxial depending on the value

of gamma (eq.2.55). If y = 0° the nucleus shape will be axial about the

Z-axis and is called prolate. However, if y is 60° or 120° the nucleus

Is still considered axial but this time the symmetry axis is the Y and the

X axis, respectively, and the shape is called oblate. However, if y is not

a multiple of 60° there is no axial symmetry and the shape is traxial,

that is there is no symmetry axis.

The nuclei will be categorized as prolate, oblate and triaxial, and the

results are listed in Table 3.1.

TABLE 3.1: Cd isotopes (**Cd to !%4Cd) listed in three columns

according to their ground state shape; prolate, oblate and triaxial.

Prolate Oblate Triaxial

(y=0 (y = 60°01r120°) (v is not multipole of 60°)
95 96 109
99 97 111
101 98 115
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102
105
107
108
112
122
123
124
125
127
128
130
133
134
135
136
137
138
139
140
142
144
145
146
151
152
155
159
164

100
103
104
106
110
113
114
117
118
121
126
129
131
132
141
160
163

116
119
120
143
147
148
149
150
153
154
156
157
158
161
162
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We notice from table 3.1 that the shape of nuclei from A=95 to 164
varies in several patterns. At the neutron deficient side of the chain, the
ground state shape is axial. However, it alternate between prolate and
oblate up to '%®Cd. Then from °°Cd up to '?°Cd the shape keeps
alternating between axial and triaxial forth and back. After that the
shape is axial, but fluctuate between prolate and oblate shape,
suddenly, at *3Cd the shape become triaxial, next the shape still vary
between tiaxial and axial (prolate shape) expect for 163Cd which have

oblate shape.

The quadrupole deformation £, is defined in the previous chapter (eq.
2.54). It provides an indication how the shape of nucleus is, and from
calculations performed, we obtain values of §,, crossponding to ground
state minimum for Cd isotopes. In figure 3.1: 5, is plotted as a function
of mass number A. In this figure we notice that there are several jumps
in different places which corresponds to A= [(97-98), (117-118), (129-
130), (159-160) and 136] at these nuclei the value of ,, decrease
sharply compared to those around it. The values of 3, related to these

nuclei are ranging from 0.02 up to 0.05 except for A=136 for which £,
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IS 0.09. This mean that at these nuclei, the nuclear shape becomes nearly
spherical and the deformation disappear. However, for other nuclei the
change is gradual and reaches a maximum value of 0.18. Our results
are compared with those obtained from relativistic Hartree-Fock-
Bogolibouve within Gogny -D1S[38] and we obtain a good agreement.
Also we compared with results obtained using self-consistent mean
field with choice of Skyrme force and pairing property and interacting
boson model(IBM) for even — even 1%-118Cd isotopes, the value of
minimum S,, = 0.15 from these two model and small deviation exist

when compared with our result[24].
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B, - deformation
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Mass Number (A)

FIGURE 3.1: Quadrupole deformation parameters 20 for Cd isotopes as a function of
mass number A=95 t0164 using NL3* parametrization.

3.2 Single particle states

We pay attention to these nuclei where a jump in the value of

deformations occurs. Due to that we plot single particle states for these
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Cd isotopes where a jump in its S,, value occurs as seen in Figure 3.1

and two of its neighboring nuclei.

In Figure 3.2, we plot single particle states for 6 % 100Cq
corresponding to values of f,,(0.10783, 0.05347, 0.12282), these
Isotopes have axial deformation as listed in table 3.1. These single
particle states are compared with Nilsson diagram in ref. [39] and we

obtained exactly the same states.

8 T T T T T T T T T T
B (1/2431) ]
B [3/24272] =
i @ (17244 0) ® 4
12 - —
= i i
=
= - [9/2404] I
2 [9/2404) [9/2 40 4]
T (@) - |
2413
-16 = [7/241 3] [7/241 3] l ’ ]
| [5/2422] - i
— [5/2422]
| [32431) i
72(] L I 1 ] L I 1 | L I 1
0 1 2 3 4 5 6
cd 96 Cdog Cd1oo

FIGURE 3.2: The Last three occupied states and first non-occupied one for Cd isotopes
with A=96, 98, and 100.
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However, in Figure 3.3, we draw single particle states for (108109110 Cg
isotopes which 19°198Cd are triaxial and °Cd is axial. When we
compared to Nilsson diagram the °Cd has a good agreement but for
108,109 Cd we find a difference between our result and Nilsson diagram
[39]. This difference is due to triaxiallity in these nuclei, even for 1%Cd
which its value of y is close to 120°, the effect of small triaxillity on

single particle states are clearer than its effect on the shape of nucleus.

The effect of triaxillity on single particle states can be explained as
follows. The Nilsson labels are [N n, A]2 , where 2 is the projection
of angular momentum on the symmetry axis, thus for axial deformation
0 is a good quantum number and the wave function i is a summation
of N n, A. However, for triaxiallity there is no symmetry axis and one
can not project the angular momentum. Thus, £ is no longer a good
guantum number. The wave function s is a summation of Nn, A 2 and
this causing mixing between states with different 2 for more detail see

ref. [40].
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FIGURE 3.3: The Last three occupied states and first non-occupied one for
Cd isotopes with A=108,109,110.

In figure 3.4, we plot single particle states for 116118120 Cd jsotopes that

have low values of f,, as we see from figure 3.1, which 118Cd is the
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minimum. According to table 3.1, the 8Cd is axial but 11812°Cd are
triaxial. As we mentioned above, the triaxiallty has an effect on these

states. So the states of these isotopes become incompatible with Nilsson

-5 . . .
61— [1/2440] —
L [11/2505] ]
(92514
@ ® -
= @ @ [1/2400] @
= 7 =
20 12440
; 1400 [ b pasa
- —
(372402 [3/2402]
| [1/2400] )
_9 | | 1 | | | | | 1 | 1
0 1 2 3 4 5 6
Cdli6 Cdlis Cd120

FIGURE 3.4: The Last three occupied states and first non-occupied one for Cd
isotopes with A=116,118,120.
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diagram, and they only become reliable in the limits of axial symmetry
[40]. On the contrary the 1'8Cd is in good agreement to Nilsson diagram

because it is free from triaxiallty.

1 ' | |
(12501
- [972505) .
[172541) (512517 D)
2 |
[32541) [72503]
. —— 503 .
(112503
[972505)
3 (12550 —
I (32501 )
_4 — —
112505 |
5 . | | | | |
0 | 2 3 4 5 6
Cd134 Cd13s Cd136

FIGURE 3.5: The Last three occupied states and first non-occupied one for Cd
isotopes with A=134,135,136.
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However, in figure 3.5, we plot states for 34135136Cd jsotopes that have
high values of §,, compared to other isotopes in fig. 3.1, and here a
max jump occur at *3¥Cd. In addition, 3*135136Cd have axial symmetry
and this is the reason for no difference occur between our results and

Nilsson diagram [39].

0 | ' nsn'606) ——m ' [

I @ [112615] .
T @
05 [52503) [132606] _
T .
5L Br50s] )

I (12541) sl _

(512503
2 — 25500 _____ (1530 _
2pnsty T (e, ——— ]
251 1
-3 | | | | I |
Cd158 Cd160 cdie

FIGURE 3.6: The Last three occupied states and first non-occupied one for Cd
isotopes with A=158,160,162.
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The last figure we plot for single particle states is figure 3.6, for 158160162
Cd isotopes which the smallest value of ,, occur at 1%° Cd, also it has
axial symmetry but 812 Cd isotopes around it having triaxial
symmetry. So just %°Cd is compatible to Nilsson diagram [39], but

198,162 Cd isotopes are not.

3.3 Physical properties of Cd isotopes

Physical properties are often referred to as observables that can be
measured experimentally such as binding energy, two neutron

separation energy, neutron and proton and charge radii.

3.3.1 Binding energy and two-separation energy

Binding energy is the energy required to disassemble the atomic
nuclei into its main components (nucleons: proton and neutron). In
Figure 3.8, the ground state binding energy per nucleon is plotted as a

function of the mass number A. The results are shown for the NL3*
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parametrization of the RMF Lagrangian. Our results in a very good
agreement with the experimental data obtained from [34], and both
shows to have the same trend. However, one can notice that there is
small deviation for the odd-mass nuclei, and this deviation is small and
does not exceed 0.2 MeV. From the figure, one also can conclude that
the isotopes with mass number around 110 is the most stable one, which

Is because they have the highest binding energy per nucleon.
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FIGURE 3.7: binding energy per nucleon for Cd isotopes using NL3* and experimental data
[21] as a function of mass number A.

The two neutrons separation (S.,,,) is the energy needed to remove

two neutrons from a nucleus, and is given by:

Son = BE(éXN) - BE(éXN—Z) (3.1)
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The two-neutron separation energy is plotted as a function of mass
number (A) in Figure 3.9. One can notice a smooth change in S,,, with
A, except for A = 98,130 which corresponds to neutron number N =50

and 82. These two number corresponds to magic numbers. At these two

30 L] I rrria I rrria I rrria I rrria I rrria I rrria I rrria
B s—a Expt. ]
25 B—a N[ 3% -
=
s 20} -
m‘ﬁ - -
=
20
g 15 —
L¥]
=
3 B T
=
3 - -
2 10
A
- -
0 L1 I L1 _1_1 I L1 1 1 I L1 _1_1 I L1 1 1 I L1 11 I L1 _1_1 I L1
100 110 120 130 140 150 160 170
Mass Number (A)

FIGURE 3.8: The two-neutron separation energy for even-even Cd isotopes using NL3* and
experimental data [21] as a function of mass number A.
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points a sharp and sudden change in S,,occurs. This sharp jump can be
attributed to two factor: The first one is due to the shell closure that
occurs at N=50, 82, which as we know that the separation energy
increases near shell closure. The second factor is the sudden change in
the ground state shape from spherical shape (B, ~ 0) at ®**°Cd to oblate
shape at 19132Cd. This change in deformation strongly affect the last
occupied state as compared with the spherical shape and might change
the single particle occupation. Shape change significantly effects the
two-neutron separation energy [14]. There is good agreement between

our calculations and results obtained in experiment [34].

3.3.2 Neutron, proton and charge radius

In figure 3.10, we plot neutron and proton radius for Cd isotopes as a
function of mass number A. We notice from the figure of neutron radius
that the radius fluctuate up for odd isotopes and down for even isotopes.
The reason for such a change is due to two factors. The first one is when

we add a neutron to an even core of neutrons this means that a new
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orbital must be opened and filled with this neutron, and thus an increase
in the nuclear size. However, when we add a neutron to an odd core of
neutrons, it will occupy the same orbital as in the previous neutron. In
addition to that, the extra neutron reduces the coulomb repulsion
between the protons and this causes the nucleons to come closer to each

other. Thus reducing the neutron radius.

However, the bottom panel of fig.3.10 shows that proton radius has a
different pattern from neutron radius. Although the number of proton is
constant, we observe an increase in radius in general; this is due to
increase the number of neutron for Cd isotopes, so the distribution of
proton changes. In addition, we notice that the most of neighboring
nuclei have the same radius. When comparing with the corresponding
value of deformation shown in figure 3.1, we notice that these nuclei
have same value of ,,. On the contrary, for 13¢Cd the radius decreases.

This

Is because of value of 3, for it, which decline sharply, compared with

nuclei around it.
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FIGURE 3.9: Radius of neutron and proton for Cd isotopes as a function of mass number
using NL3*.
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One of the most fundamental properties of the atomic nuclei is the
nuclear charge radius. It plays a key role in studying the characters of

nucleus and testing theoretical models. It is calculated by this formula

Rc = /RZ+0.64 3.2

Where 0.64 is related to finite volume of the proton (volume

correction).

The charge radius follows the same behavior as the proton radius.

Charge radius Re (fm)

L1 L1 1 1 Ll 1 1 L1 1 1 L1 1 1 Ll 1 1 LA 1 1 11
’ 100 110 120 130 140 150 160

Mass Number (A)

FIGURE 3.10: Charge radius for Cd isotopes as a function of mass number (A) using
NL3*.
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CHAPTER FOUR
Conclusion

In this thesis relativistic mean field theory (RMFT) using nonlinear
meson nucleon coupling model has been successfully applied to
investigate the shape of ground state for Cd (Z=48, 47<N< 116)
isotopes and the physical properties such as binding, two neutron

separation energies and proton and neutron radii.

We perform unrestricted calculations for the search of the ground state
minimum for Cd isotopes. Our calculation allows the nuclear shape to

be spherical, axially or triaxillity deformed.

The nuclear shape of Cd isotopes varies between two categories axial
and triaxial shape. This is depend on value of y. If y=0" the shape is
axial (prolate), if y = 60°or 120" the shape is also axial but (oblate)

and if y is not a multiple of 60°the shape is triaxial.



48

We also depended on value of quadrupole deformation g3, to study the
shape of Cd isotopes. We plotted it as afunction of mass number A.
From figure, we notice that value of §,, for some nuclei goes to zero,
this mean that their shape become nearly spherical. In addition, we
depend on value of f,, to choose nuclei, which we plot single particle
states for them. We compared our states with Nilsson diagram and got
a good agreement for axial nuclei but for triaxial nuclei the states are

different.

One can see that the shape of nuclei has an effect on physical properties
in the ground state. We notice a smooth change in physical properties
in general. The sharp jump in most physical properties is observed at
A=98, 130, 136. This sharp jump is due to change the shape of the

ground state in the neighboring nuclei for these Cd isotopes.
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